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We report the results of an investigation of the effects of a pure superconductor on external gravi- 
tomagnetic and magnetic fields B, o and Bo, respectively. We find that the internal fields are given 
by B(z)= —(m7nu, /q7)Bo— (m /q)B, 0, B,(z)~ By, + (4,m /qu)Bo, where u, and u are the gravi- 
tomagnetic and magnetic permeabilities of the superconductor. These results show that a small re- 
sidual uniform magnetic field will pervade the superconductor and that the external fields mutually 
“induce” additional small internal perturbation fields. The sum of the fields B+(m /q)B, falls ex- 
ponentially to zero over a characteristic distance À, which is consistent with previous findings that 


B+(m/q)B, =0 inside a pure superconductor. 


A magnetic-type gravitational field referred to as the 
gravitomagnetic field, which arises from moving masses 
in the same way that a moving charge produces a mag- 
netic field, was suggested by Forward.! Ross? investigat- 
ed the effects of a gravitational field in a superconductor. 
He formulated the gravitomagnetic field equations writ- 
ten in terms of the parametrized-post-Newtonian (PPN) 
parameters of Braginsky? and derived modified London 
equations. It is the purpose of this paper to solve the 
coupled general relativity, Maxwell, and London equa- 
tions to obtain quantitative formulas for each of the mag- 
netic and gravitomagnetic fields inside a superconductor. 

For a weak-gravity and low-velocity system such as 
Cooper pairs in a superconductor, the general relativistic 
field equations assume a form almost identical to 
Maxwell’s equations, and the geodesic equation is identi- 
cal to the Lorentz force law (see, e.g., Forward,! Thorne,‘ 
and Mashhoon, Paik, and Will’): 


F=q(E+vXB)+m(E,+vXB,) , (1) 
DO eae (2) 
ot 
VXB=pj, +e” ; (3) 
ot 
VXE,= ee: 4 
g 3t ’ ( ) 
dE, 


VXB,=—Hgjm TUgEg (5) 


ot 
where m and q are the gravitational and the electric 
charges of a Cooper pair in a superconductor, E, and E 
denote the gravitoelectric and electric fields, respectively. 
Just as the magnetic permeability u and the electric per- 
mittivity € characterize the response of a superconductor 
to the applied fields E and B in the electromagnetic case, 
so the gravitomagnetic permeability u, and the gravi- 
toelectric permittivity €, characterize the response of a 
superconductor to the applied fields E, and B, in the 
gravitoelectromagnetic case. 

A dimensional analysis of Eq. (1) suggests that it is in- 
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sightful to use the mks units, since B and u have the di- 
mensions [m /qt] and (ml /q?), thus, B, has the dimen- 
sions of the angular velocity [1/t], while the dimensions 
for u, are [!/m], and we note that the dimensions of 
Ho /p are [q*/m7], so the quantity Lm /uq? is dimen- 


sionless. Expressing these fields in terms of potentials 
such that 
JA 
E=—Vo--— , 6 
$ ay (6) 
= JA, 
E,==Vo;= TIE (7) 
B=VXA, (8) 
B,=VXA,, (9) 
Eq. (1) can be expressed in the alternative form 
F=—V([q(¢—v- A)+m(¢,—v: A, )] 
d 
Sn AtmaA,), (10) 
where d /dt=0/dt+v-V. The potential energy 
U=q(¢—v-A)+m(¢,—v-A,) (11) 


is easily obtained. Then, the canonical momentum ex- 
pressed by —iV is computed from the Lagrangian for a 
single Cooper pair 


L= jmV*—q(¢—v: A)—m(¢,—v- A,) - (12) 
One finds 
—iV=mvt+qAtma, . = (13) 


Electric and mass currents must be induced by the vector 
potential fields A and A, in a superconductor, and the 
magnitudes of these currents will be 


suid ASTA 
HÀI q 


Je P (14) 
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_ lm 
war q 


Im = 


A+” A, | (15) 
q 

where je =nqv and jp =nmv are the electric and mass 
current densities, respectively, n is the pair concentra- 
tion, and A?=m /ungq? is the London penetration length. 
On the other hand, Eqs. (14) and (15) can be expressed in 
the form 


dj. 

JL ME |. (16) 
Ot pA; q 

djm 

soe ol a (17) 
Ot uà? q q 


Equations (14) and (16) are consistent with Ross’s 
modified London equations, whereas Eqs. (15) and (17) 
are the new results about the relation between the mass 
current and the fields. 

These electric and mass currents arise from the in- 
duced motion of the Cooper pairs instantly generating 
their own magnetic and gravitomagnetic fields. In what 
follows we solve the coupled field equations for B and B, 
in a Superconductor. Substituting Eqs. (14) and (15) into 
Eqs. (3) and (5), respectively, and assuming stationary 
conditions are established, we obtain 


vB=— |B+“B, |, (18) 
; q 
*u 
VB, =——>& |B, +B (19) 
LA; 


Equation (18) indicates that a very small magnetic field 
B= 7 Be (20) 


is produced inside the superconductor by the gravitomag- 
netic field B,. Equation (19) indicates that a gravitomag- 
netic field is produced by the internal magnetic field 


B, =B. (21) 
m 


The penetration depth of B, is approximately q°u/m "lg 
times larger than that of the field B. 

Rigorous solutions for Eqs. (18) and (19) can be ob- 
tained from the equations 


V?B,—-3B,=0 ' (22) 


V?’B,=0, (23) 
where 
B,=B+—B,, B,=B+ B, , 
q M [bg 


and 


2 
M'HUg 


1— 
q’u 


n=} / 
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Considering the simplest boundary condition for a half- 
infinite long superconductor in the presence of a homo- 
geneous applied magnetic field By) =(0,B,,0) and a gravi- 
tomagnetic field B,,.=(0,B, 00), the solutions of Eqs. 
(22) and (23) are obtained 


B (z)= Bot Bao + HO 60 He mo e,e 7^ 
(24) 

? g, y e,0 MU, g „0 | *y 

(25) 


where o,o and Om o represent the surface electric and 
mass current densities, respectively. Then, the fields in 
the superconductor are given by 


l = 
B(z)= z -M (1-e PNB PeTo 
i Hgm q 
uqg? 
m 
= Ug —e77⁄ (Bo FUC; 0) e, i 
uq 
(26) 
B ae 1 q —z/À 
ACi s = Sse (By FUG. 9) 
EN ee Mt 
mL, 
fis _ Hg" zn 
ugm’ 
X (Boo UgF mo) Ey (27) 


When z>>A, inside the superconductor, these fields 
reduce to the constant values 


1 
B(z)= - B+ LB, 0 
ee E a fg! 
mL, 
+u |o oto oļle,, (28) 
e, m ™ Y 
1 Um 
B,(z)= ; B,ot+——Bo 
i Mm“ uq 
q'u 
— Ug |O m,0 780 ey (29) 


which yield the result 
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B(z)+ B, (z)= 


q g 


By+ T Peo 


+ —z/à 


m 
BO eo -g Be? mo ee 


(30) 


The combination fields B+(m /q )B, falls exponentially 
and is appreciable only within a layer of thickness A and 
indeed vanishes inside the superconductor as pointed out 
by DeWitt. This result is a more rigorous representation 
of the Meissner effect in the presence of the gravitomag- 
netic field. 

More importantly, Eqs. (28) and (29) indicate that con- 
stant residual magnetic and gravitomagnetic fields 


2 
m 

B(z)~ ———-£B,— “Bo , (31) 

qH q 

ugm 

B, (z)=B, ot —— Bo, (32) 

: pg 
will exist within a pure superconductor. Note 
Om o` (m/q)0. 050. These equations are similar in 


form to the results derived independently by Keiser’ and 
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Will. The results reported here differ from the previous 
London theory and the Meissner effect. The magnetic 
field inside a superconductor although very small no 
longer vanishes. This nonzero internal magnetic field 
raises an interesting consequence regarding the internal 
gravitomagnetic field. The magnetically produced gravi- 
tomagnetic field is order of 10!! times the internal mag- 
netic field. In other words, the degree to which the gravi- 
tomagnetic field is perturbed by the external magnetic 
field is determined by the term of (u,m/uq)By. This 
perturbation term is crucially dependent on the material 
properties of the superconductor used, namely, on the 
value of u, /u. Knowledge of the value of u, /u is crucial 
for a correct prediction of expected effects, and in a 
follow-up paper’ we discuss how it is possible for the ra- 
tio u, /u to assume a value larger than 4, 9/Uo, which is 
the value for wu, /u in free space, without impacting the 
validity of general relativity. 
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